Synchronization processes in networks of spatially extended dynamical systems are analytically and numerically studied. We focus on the relevant case of networks whose elements ͑or nodes͒ are spatially extended dynamical systems, with the nodes being connected with each other by scalar signals. The stability of the synchronous spatio-temporal state for a generic network is analytically assessed by means of an extension of the master stability function approach. We find an excellent agreement between the theoretical predictions and the data obtained by means of numerical calculations. The efficiency and reliability of this method is illustrated numerically with networks of beam-plasma chaotic systems ͑Pierce diodes͒. We discuss also how the revealed regularities are expected to take place in other relevant physical and biological circumstances. © 2008 American Institute of Physics. ͓DOI: 10.1063/1.2940685͔
I. INTRODUCTION
The sophisticated collaborative dynamics of networking elements is nowadays of central interest for a very broad scientific community ͑see Ref. 1, and references therein͒. Complex networks are collections of nodes linked by a topologically complex wiring of connections. In most cases, they feature the so-called small world property, i.e., the fact that the path-length ᐉ scales logarithmically with the network size N ͑ᐉ ϰ log N, in contrast to the linear scaling for regular lattices͒, and usually they display a clustering structure much more prominent than that characterizing random graph.
Recently, the dynamics of complex networks has been extensively investigated with regard to collective ͑synchro-nized͒ behaviors, 2, 3 with special emphasis on the interplay between complexity in the overall topology and local dynamical properties of the coupled units. The usual case considered so far is that of networks of identical dynamical systems coupled by means of a complex wiring of connections. In this framework, several studies have shown how to enhance synchronization properties, by properly weighing the strengths of the connection wiring. [4] [5] [6] [7] [8] At the same time, the majority of works devoted to complex network synchronization deals with node elements characterized by a small number of degrees of freedom, [9] [10] [11] [12] [13] although networks of spatiotemporal systems became the object of interest in the past years ͑e.g., the spatiotemporal networks has been studied in application to the chemical reactions 14, 15 recently͒. In this paper we extend the study of synchronization phenomena in complex networks to the case of spatially extended coupled dynamical systems, i.e., in networks whose nodes are represented by dynamical systems, each one of them is described by partial differential equations.
The motivation is the fact that such a representation seems to more adequately describe a series of relevant situations encountered in natural ͑e.g., biological systems such as interacting cells 16 ͒ and technological ͑e.g., laser arrays 17 or nonlinear antennas [18] [19] [20] [21] ͒ systems. For instance, in nonlinear antenna technologies, earlier studies of synchronous states were carried out [18] [19] [20] in the limit which the elements of the antenna were low dimensional nonlinear systems, but later it was shown that the use of spatially extended highpower microwave devices ͑such as backward wave oscillators, 22, 23 Pierce diodes, [24] [25] [26] [27] klystron generators, 28 gyrodevices, 29, 30 etc.͒ is more appropriate in many practical circumstances.
Without lack of generality, we will concentrate on a network of spatially extended microwave beam-plasma objects ͑Pierce diodes͒, and develop a formalism that can be ex-tended to analyze the stability of the synchronous state in the generic situation of networking extended systems. It is important to notice that the Pierce diode is a well studied model of beam-plasma systems, demonstrating complex chaotic oscillations. In particular, the routes to spatial chaos, 24, 25 pattern formation, 31 controlling chaos, 26, [32] [33] [34] and synchronization 35, 36 have been studied in great details. The structure of this paper is the following: In Sec. II we discuss briefly the spatially extended nonlinear active system ͑the fluid model of Pierce diode͒ used as the node element of a complex network. The method of the stability analysis of networks whose nodes are represented by spatially extended dynamical systems is considered in Sec. III. Section IV is devoted to the method of the master stability function calculation in the spatially extended systems. The numerical results of the complex network calculation are discussed in Sec. V. The final conclusions are given in Sec. VI.
II. PIERCE DIODE
A Pierce diode 24, 25, 27, 37 is schematically illustrated in Fig. 1 , and consists of two infinite parallel plains pierced by a monoenergetic electron beam. Grids are grounded, with the distance between them being L. The charge density 0 and electron velocity v 0 are constant at the system input. The region between the two plains is uniformly filled by neutralizing stationary ions, with density ͉ ion ͉ being equal to the nonperturbed electron beam density ͉ 0 ͉.
The dimensionless Pierce parameter ␣ = p L / v 0 determines the dynamics of the system ͑here p is the electron beam plasma frequency, v 0 is the nonperturbed electron velocity, L is the distance between the diode plains͒. With ␣ Ͼ , the so-called Pierce instability develops in the system and a virtual cathode is formed in the electron beam. 25, 37 At the same time, in a narrow range of parameters near ␣ ϳ 3, the increase of the instability is suppressed by the nonlinearity and a reflectionless regime takes place in the electron beam. 25, 27 In this case the system behavior may be described by the fluid equations 24, 25, 27 that give rise to various types of beam-plasma chaotic oscillations. 24, 25, 31, 34 The dynamics of the Pierce diode ͑in the fluid electronic approximation͒ is described by the self-congruent system of dimensionless Poisson, continuity, and motion equations,
with boundary conditions ͑0,t͒ = ͑1,t͒ =0, ͑0,t͒ =1, v͑0 ,t͒ = 1, where ͑x , t͒ is the dimensionless potential of the electric field, ͑x , t͒ and v͑x , t͒ are the dimensionless density and velocity of the electron beam ͑0 ഛ x ഛ 1͒, respectively. The dimensional variables ͑Ј, Ј, vЈ, xЈ, tЈ͒ are connected with the dimensionless ones as The behavior of two Pierce diodes coupled both unidirectionally and mutually has been considered in Ref. 36 . The synchronization to an external harmonic signal 35 and different types of chaotic synchronization 3,38-41 have been observed for the considered system. 36 Therefore, it seems to be likely that the network consisting of Pierce diodes may show the synchronous dynamics under the certain conditions, if the diodes are coupled in the same way, i.e., by the modulation of the potential value on the right bound of each system. The detailed description of such a network as well as the method of the analysis of the synchronous state stability are given in the next section.
III. STABILITY OF THE SYNCHRONOUS STATE OF THE COMPLEX NETWORK CONSISTING OF SPATIALLY EXTENDED SYSTEMS
Following a similar scheme used in Refs. 4, 39, and 42, we turn to develop the formalism of the stability analysis for a network of N Pierce diodes. The dynamics of the ith node of the network is described by the state
T , with the dimensionless potential i ͑x , t͒ of the electric field, density i ͑x , t͒, and velocity v i ͑x , t͒ of the electron beam being described by Eq. ͑1͒. Let us denote the evolution operator ͑1͒ of the ith node as
The influence of links between nodes results in the variation of the potential value i ͑1,t͒ at the right boundary of the ith Pierce diode ͑see Refs. 36 and 43 for detail͒ according to the states of the coupled node elements
where is the coupling strength, j ͑1,t͒ is the dimensionless electron beam density at the coordinate x = 1 for the output grid of the jth diode. G is the Laplacian matrix of the network. As so, it is a symmetric zero row sum matrix ͓G ij ͑i j͒ is equal to 1 whenever node i is connected with node j and 0 otherwise, and G ii =−͚ j i G ij ͔, and it has a real spectrum of eigenvalues 1 ജ¯ജ N . The complete synchronization regime corresponds to the condition U i ͑x , t͒ = U s ͑x , t͒ , ∀ i, with the boundary condition ͑3͒ taking the form i ͑1,t͒ = s ͑1,t͒ =0, ∀ i. The synchronous manifold always exists as an invariant one, but it may be stable or unstable. The dynamics inside this manifold coincides with the behavior of a single diode.
To examine the stability of the synchronous manifold of the network we have to consider the dynamics of the small spatial perturbations = ͑ , , v ͒ T of the synchronous state U s for each node of the network. Initially, these perturbations can be chosen to be arbitrary ͑but small͒. In general, the evolution of the network may result in both the increase or 
Taking into account the vanishingly small values of the perturbations of the synchronous state U s , the evolution operator ͑2͒ may be rewritten as ‫ץ‬L ͑U s , i ͒ = 0, where ‫ץ‬L ͑U s , i ͒ is the linearization of the evolution operator L ͑·͒ in the vicinity of the synchronous state U s ͑x , t͒, therefore, it is linear in the perturbation ͑x , t͒. For the considered Pierce diode model the linearized operator ‫ץ‬L ͑U s , ͒ is
According to Eqs. ͑3͒ and ͑4͒, the boundary conditions for the perturbation i take the form
After diagonalization of the matrix G, the stability of the synchronous state ͓U i ͑x , t͒ = U s ͑x , t͒ , ∀ i͔ is determined by the N evolution operators
with boundary conditions
Equations ͑7͒ and ͑8͒ differ from each other only by the eigenvalues 1 ജ¯ജ N of G.
IV. SPATIAL MASTER STABILITY FUNCTION
As it was mentioned above, the synchronous state ͓U i ͑x , t͒ = U s ͑x , t͒ , ∀ i͔ is stable if all perturbations i asymptotically vanish. We introduce here a quantity called the spatial master stability function ͑SMSF͒, which is analogous to the largest Lyapunov exponent in a low dimensional system. 39 Replacing ͑− i ͒ by in Eq. ͑8͒, the behavior of SMSF ⌳ versus completely accounts for the linear stability of the synchronized state. Indeed, the synchronized state associated with 1 = 0 is stable when all the remaining equations ͑7͒ with boundary conditions ͑8͒ related with the other eigenvalues i ͑i =2, ... ,N͒ gives rise to contracting equations. One has to consider the equation ‫ץ‬L ͑U s , ͒ = 0 with parametric boundary conditions ͑1,t͒ = i ͑1,t͒, ͑0,t͒ =0, v ͑0,t͒ = 0 and analyze its stability properties. As such, a system is spatially extended, and is characterized by an infinite number of Lyapunov exponents. Nevertheless, the stability of the synchronous state U s is determined uniquely by the sign of the largest Lyapunov exponent which can always be found by monitoring the temporal behavior of the perturbation norm ʈʈ. Therefore, one has to obtain the dependence of the largest Lyapunov exponent ⌳ on the parameter .
⌳͑͒ may be negative for a finite interval of -parameter values I st = ͑ 1 ; 2 ͒ or for an infinite one ͑ 2 = ϱ͒ just as the largest Lyapunov exponent does in Ref. 39 . The stability condition is satisfied if the whole set of eigenvalues i ͑i =2, ... ,N͒ multiplied by the same falls into the stability interval I st , i.e., when conditions ͉ 2 ͉ Ͼ 1 and ͉ N ͉ Ͻ 2 take place simultaneously.
To analyze the stability of the synchronous state, we propose to use the average divergence rate of initial close states. Let our system be characterized by the state U͑x , t 0 ͒ at time t 0 . The distance S͑U 1 , U 2 ͒ between two different states of the system may be defined as
.
͑9͒
Let us now consider the evolution of two systems with close ͑but different͒ initial conditions U 0 ͑x , t 0 ͒ and
where ͑x͒ is a random function, S͑U 0 , Ũ 0 ͒ = ⑀, with ⑀ being vanishingly small. These two states evolve to U 1 ͑x͒ and Ũ 1 ͑x͒ at time t 0 + T, respectively. The relation S͑U 1 , Ũ 1 ͒ / ⑀ describes the growth ͑decay͒ of the perturbation ͑x͒ during the time interval T. One can redefine the perturbed state Ũ 1 ͑x͒ in such a way that its deviation from the nonperturbed one U 1 ͑x͒ is equal to the initial value ⑀: Ũ 1 0 ͑x͒ = ⑀Ũ 1 / S͑U 1 , Ũ 1 ͒. Repeating this algorithm M times one can find the variation of the perturbation for M iteration
The value of the SMSF is given by
SMSF ͑10͒ is positive if the small perturbation ͑x͒ brought into the system increases with time, otherwise it is negative ͑the small perturbation decreases͒ or zero ͑the distance between perturbed and nonperturbed states of the system remains constant͒. It should be noted, that the increase ͑de-crease͒ of perturbation ͑x͒ is exponential, therefore, SMSF behaves like a Lyapunov function. In general, if the problem under study allows us to obtain the dispersion relation ͑k͒, the value of the SMSF coincides with the maximal value of the real part of the eigenvalues, i.e., ⌳ = max k Re ͑k͒.
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V. NUMERICAL RESULTS
In this section we consider the numerical results concerning the dynamics of the networks of Pierce diodes. We move now to two parameter values, i.e., ␣ 1 = 2.858 and ␣ 2 = 2.864 corresponding to different regimes of chaotic behavior of a single Pierce diode. 36 The dependencies of SMSF on the parameter are shown in Fig. 2 . Based on these results, one can predict the coupling region for which a network of Pierce diodes would display a stable synchronization regime.
As a pair of mutually coupled Pierce diodes is the simplest network one can imagine, let us start with this elementary case. In this system the node elements U 1,2 are coupled by means of a the coupling matrix
͑11͒
It was found ͑see Ref. 36͒ that the complete synchronization regime occurs for coupling strengths ജ c ␣ 1 = 0.09 for ␣ 1 and ജ c ␣ 2 = 0.05 for ␣ 2 , respectively. It is easy to see that the eigenvalues of G are 1 = 0 and 2 = −2. Therefore, in this case the -parameter is equal to 2.
One can see from Fig. 2 In the direct simulations of the dynamics of coupled Pierce diodes, the appearance of a synchronous state can be monitored by looking at the vanishing of the time average ͑over a window T͒ synchronization error
where
is the instantaneous spatially averaged synchronization error between U i,j ͑x , t͒ of the ith and jth element of the network. In the present case, the synchronization error may be rewritten as
The synchronization errors ͗E͘ for two unidirectionally coupled Pierce diodes are shown in Figs. 3͑a͒ and 3͑b͒ . One can see that the coupling strength values 1,2 ␣ 1,2 corresponding to the destruction of the complete synchronization regime are in excellent agreement with the theoretical predictions obtained by means of SMSF consideration for both values of the Pierce parameter ␣ 1,2 .
The next examples of the networks of the spatially extended chaotic systems are ͑i͒ the square ͑5 ϫ 5͒ lattice and ͑ii͒ the small world network. Both these networks consists of 25 Pierce diodes with the Pierce parameter value being selected as ␣ 1 . For the lattice the minimal nonzero eigenvalue of the coupling matrix G is 25 Ϸ −19.64, the maximal one, 2 Ϸ −7.61, whereas for the small-world network these ei- genvalues are 2 Ϸ −3.16 and 25 Ϸ −13.29, respectively. Correspondingly, one can expect that stability ranges of the synchronous regime are ͑0.0570; 0.0745͒ for the smallword network and ͑0.0237; 0.0504͒ for the lattice. From the direct numerical simulations of these networks and the synchronization error calculation we have obtained, that the small-world network is in the complete synchronization regime for the coupling strength values ͑0.0570; 0.0744͒, whereas the synchronous state of the lattice is stable for ͑0.0237; 0.0504͒. The corresponding dependencies of the synchronization error ͗E͘ on the coupling strength for these topologies are shown in Fig. 4 . The theoretical predictions of the synchronization regime area based on the consideration of SMSF is shown by the gray rectangle. Again, one can see the excellent agreement of the results calculated numerically with the theoretical predictions obtained by means of SMSF consideration for both topologies of networks.
Finally, we have also considered a network consisting of 70 Pierce diodes with a random symmetric zero row sum coupling matrix G. Since the distinction in the Pierce parameter values ␣ 1 and ␣ 2 does not cause the qualitative difference in the SMSF dependence on the -parameter ͑see 
VI. CONCLUSION
We have considered the synchronization processes in the complex networks of spatially extended chaotic systems. This study was motivated by the fact that such a representation seems to be a more adequate description of many relevant phenomena occurring in natural systems. Moreover, the study of such networks allows us to better understand the fundamental aspects of chaotic synchronization including transition between different types of synchronous dynamics as well as interrelation between synchronization of spatially extended systems and synchronization of the systems with the small number of degree of freedom ͑e.g., the relationship between the generalized synchronization of the extended systems 45 and the GS regime of the oscillators with the small number of degree of freedom 46 ͒. The technique both for the stability analysis of the synchronous state in such networks and for the spatial master stability function calculation has been developed. The efficiency of the proposed approach has been illustrated by the consideration of the complex network of Pierce diodes. To verify the obtained theoretical predictions, we have performed the direct numerical simulation of the Pierce diode network dynamics and found an excellent agreement between the theoretical results and the data obtained by means of numerical calculations. Though the given technique has been explicitly derived here only for networks of beamplasma chaotic systems ͑Pierce diodes͒, we expect that the very same mechanism can be observed in many other relevant circumstances, e.g., in the physiological 16, [47] [48] [49] or physical systems. 
